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Abstract 

We study a semi-analyt ical  model of convect ion i n  a r ap id ly - ro t a t ing ,  

d i f f e ren t i a l ly -hea ted  annulus with s lop ing  t o p  and bottom lids. Rapid 

r o t a t i o n  leads t o  a p rese rva t ion  of r e l a t i v e l y  simple,  two-dimensional (2-D) 

s t r u c t u r e  of t h e  experimentally-observed flow, while  temporal complexity 

increases wi th  t h e  Rayleigh number. The 2-D model e x h i b i t s  a sequence of 

b i f u r c a t i o n s  from s t e a d i l y - d r i f t i n g ,  azimuthal ly-per iodic  convection columns, 

a l s o  called thermal Rossby waves, through v a c i l l a t i o n  and a period-doubling 

cascade, t o  ape r iod ic ,  t u r b u l e n t  so lu t ions .  

4 

Our semi-analyt ical  r e s u l t s  match to wi th in  a f e w  percent  previous numerical 

r e s u l t s  wi th  a l imi ted- reso lu t ion  2-D model, and extend t h e s e  r e s u l t s ,  due t o  

t h e  g r e a t e r  f lex ib i l i ty  of t h e  model presented  here.  Two types of v a c i l l a t i o n  

are obta ined ,  which we cal l ,  by analogy with classical nomenclature of t h e  baro- 

c l i n i c  annulus wi th  moderate r o t a t i o n  rates, amplitude v a c i l l a t i o n  and t i l ted-  

t rough Vac i l l a t ion .  Thei r  p rope r t i e s  and dependence on t h e  problem's nondimen- 

s i o n a l  parameters are inves t iga t ed .  The period-doubling cascade for each type of 

v a c i l l a t i o n  is s t u d i e d  i n  some detail. 

KEY WORDS: Convection, deterministic chaos, r o t a t i n g  annulus,  tu rbulence ,  

v a c i l l a t i o n .  
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Convection dr iven  by c e n t r i f u g a l  buoyancy i n  a r o t a t i n g  c y l i n d r i c a l  annulus 

is an i n t e r e s t i n g  research t o p i c  f o r  a number of reasons.  The o r i g i n a l  motiva- 

t i o n  f o r  i n v e s t i g a t i n g  t h i s  s u b j e c t  arose from t h e  desire t o  understand thermal 

convect ion i n  r o t a t i n g  s p h e r i c a l  f l u i d  s h e l l s  and spheres  (Busse, 1970), such as 

p l a n e t a r y  co res  and deep p l ane ta ry  atmospheres. Convection i n  t h e  E a r t h ' s  co re  

and i n  t h e  ou te r  p a r t s  of t h e  major p l ane t s  s h a r e s  several basic dynamical prop- 

er t ies  wi th  t h e  d r i f t i n g  convection columns t h a t  can be observed i n  a rap id ly-  

r o t a t i n g  cy l indr ica l -annulus  experiment. There are important phys ica l  effects, 

such as t h e  Lorentz f o r c e  exe r t ed  on t h e  f low by magnetic fields and t h e  effects 

of fully-developed turbulence ,  which cannot e a s i l y  be modelled i n  l abora to ry  

experiments (Ghil  and Ch i ld re s s ,  1987, Chapters  7-91. But as long as t h e  

C o r i o l i s  f o r c e  dominates, t h e  correspondence between planetary-scale f e a t u r e s  and 

those  observed i n  t h e  l abora to ry  seems t o  be c l o s e r  t han  usua l ly  expected i n  non- 

r o t a t i n g  systems. 

Fur ther  comparison with labora tory  experiments is another a t t r a c t i o n  of t h e  

r ap id ly - ro t a t ing  annulus problem. In  c o n t r a s t  t o  t h e  classical, b a r o c l i n i c  

annulus e x p e r i k n t s  ( F u l t z  et al., 1959; Hide, 1977; Ghi l  and Ch i ld re s s ,  1987, 

Chapter 51, t h e  r o t a t i o n  rate of t h e  cent r i fuga l ly-dr iven  convection experiment 

is t y p i c a l l y  very high, such t h a t  t h e  c e n t r i f u g a l  f o r c e  becomes comparable t o  o r  

l a r g e r  than  g rav i ty .  Because of t h e  r a p i d  r o t a t i o n  of t h e  annulus,  t h e  experi-  

mental data are not e a s i l y  obta inable  and t h e  r e s u l t s  t h a t  have been acquired so 

far (Busse and Carr igan ,  1974; Azouni et al., 1986) need to be extended i n  order  

t o  provide a detailed comparison with t h e  r e s u l t s  of nonl inear  t h e o r i e s .  On 

t h e  o the r  hand, r a p i d  r o t a t i o n  t e n d s  t o  mainta in  t h e  two-dimensional (2-D) struc- 

t u r e  of t h e  flow field,  i n  a manner analogous t o  l a r g e ,  parallel magnetic f i e l d s  



-4- 

i n  Rayleigh-Bkard convection of an e l e c t r i c a l l y  conducting f l u i d  (Libchaber , 

1985) ,  while the  temporal and 2-D s p a t i a l  complexity inc reases  markedly w i t h  

Rayleigh number i n  both cases .  

A t h i r d  motivation f o r  studying convection i n  a rap id ly- ro ta t ing  annulus is 

t h e  important modification of t h e  classical Rayleigh-BGnard problem introduced 

by t h e  C o r i o l i s  fo rce ,  owing t o  a r o t a t i o n  vec to r  which I s  perpendicular  t o  t h e  

d i r e c t i o n  of t he  e f f e c t i v e  g r a v i t y  provided by t h e  c e n t r i f u g a l  fo rce .  When t h e  

end walls bounding t h e  annular f l u i d  domain i n  t h e  axial  d i r e c t i o n  are p a r a l l e l ,  

t h e r e  is a c t u a l l y  very l i t t l e  d i f f e rence  between t h e  convection r o l l s  a l igned  

with t h e  axis of r o t a t i o n  i n  t h e  annulus,  and t h e  convection r o l l s  i n  a horizon- 

t a l  f l u i d  l aye r  heated from below. The C o r i o l i s  fo rce  is balanced by t h e  pres- 

s u r e  and only t h e  t h i n  Ekman l aye r s  a t  t h e  end walls may e x e r t  an inf luence  on 

t h e  dynamics of t he  r o l l s  o r  columns. 

I f ,  however, t h e  end boundaries are of con ica l  shape such t h a t  t h e  height  of 

t h e  annular region i n  t h e  a x i a l  d i r e c t i o n  v a r i e s  with d i s t ance  from t h e  a x i s ,  a 

profound inf luence of t h e  C o r i o l i s  f o k e  on t h e  flow becomes not iceable .  In s t ead  

of s t a t i o n a r y  convection r e l a t i v e  t o  t h e  r o t a t i n g  frame of r e fe rence ,  d r i f t i n g  

columns, a l s o  c a l l e d  thermal Rossby waves (Busse, 1986; O r  and Busse, 19861, are 

observed and the  c r i t i c a l  value of t h e  Rayleigh number f o r  t h e  onset  of convec- 

t i o n  experiences a s t rong  increase .  For asymptot ica l ly  large r o t a t i o n  rates Q ,  

t h e  c r i t i ca l  Rayleigh number fol lows an C24’3-dependence. Concurrently,  t h e  

Rayleigh numbers f o r  t h e  onset  of higher modes, i . e .  those  with one o r  more nodes 

I n  t h e  r a d i a l  dependence, become r e l a t i v e l y  c l o s e  t o  t h e  c r i t i ca l  Rayleigh number, 

while t h e  2-D s t r u c t u r e  of t h e  flow f i e l d  p e r s i s t s .  This  proper ty  opens up t h e  

p o s s i b i l i t y  f o r  mixed-mode convection which does not seem t o  occur ,  a t  least not 

i n  t h i s  p a r t i c u l a r  form, i n  ord inary  Rayleigh-BGnard convection, but does appear 

i n  t h e  baroc l in ic  annulus problem with moderate r o t a t i o n  rates (Ghil  and 
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Chi ld res s ,  1987, Sec t ion  5.3). 

The secondary and.subsequent b i fu rca t ions  introduced by mixed-mode convec- 

t i o n  are t h e  subject of  t h e  present paper. The semi-analyt ical  treatment 

fol lows t h e  o u t l i n e  given by Busse (19861, i n  co l l abora t ion  with R.-q. L i n ,  which 

w i l l  be referred t o  as B86 i n  t h e  following. One goal.  of t h e  ana lys i s  is t o  

understand t h e  b i fu rca t ion  s t r u c t u r e  of t h e  codimension-2 problem presented by 

t h e  i n t e r a c t i o n  of t h e  first and t h e  second mode, and t o  relate it t o  t h e  r e s u l t s  

of t he  numerical computations f o r  t h e  fully-nonlinear problem (Or and Busse, 1986; 

OB86 i n  the  fo l lowing) .  

Numerical computations with many degrees of freedom can provide g r e a t e r  

detail i n  t h e  f low fields and in t h e  f luxes  of hea t  and momentum (e .g . ,  Hathaway 

and Somerville, 1987). B u t  they  do not p e r m i t  an ex tens ive  s tudy  of s o l u t i o n  

dependence on parameters. Hence t h e  p o s s i b i l i t y  of  f i nd ing  s o l u t i o n s  of rela- 

t i v e l y  simple equat ions which reproduce t h e  numerical r e s u l t s ,  a t  least qua l i t a -  

t i v e l y ,  is of considerable  importance. The .dependence of c e r t a i n  f e a t u r e s  of 

phys ica l  i n t e r e s t ,  such as t h e  mean zonal-flow speed o r  t h e  var ious  f requencies  

of o s c i l l a t i o n s ,  on t h e  parameters of t h e  problem can more e a s i l y  be e luc ida ted  

i n  t h e  semi-analytical  approach. In  add i t ion ,  new types of s o l u t i o n s  are 

found, as w e  s h a l l  see. 

This paper focusses  on spa t ia l ly-per iodic  so lu t ions .  Its main purpose is 

t o  validate the semi-analytical  approach aga ins t  OB86, as far as the  numerical 

r e s u l t s  went, and t o  ob ta in  new r e s u l t s  on higher  b i f u r c a t i o n s  and on t r a n s i t o n  

t o  i r r e g u l a r ,  chao t i c  flow. 

The paper starts with t h e  mathematical formulat ion of t h e  problem i n  Sec t ion  

2. S t a t i o n a r y  mixed-mode s o l u t i o n s  and t h e i r  s t a b i l i t y  p r o p e r t i e s  are analyzed 

i n  Sec t ion  3. The i n s t a b i l i t i e s  introduce time dependences which can no longer 

be e l imina ted  by t h e  t ransformation t o  a d r i f t i n g  frame of re ference .  Both a 
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Runge-Kutta i n t eg ra t ion  i n  time and a Four ie r  a n a l y s i s  of t h e  time dependence 

(Urabe, 1967) are used t o  explore  higher  b i f u r c a t i o n s  and t r a n s i t i o n  t o  turbu- 

lence  i n  Sec t ion  4. Concluding remarks fo l low i n  Sec t ion  5. 

2. HATHEMATICAL FOIURILATION OF THE PROBLEM 

We consider  t he  f l u i d  flow i n  a c y l i n d r i c a l  annulus hea ted  from t h e  o u t s i d e ,  

cooled from t h e  in s ide ,  and r o t a t i n g  about a vertical  a x i s  as shown i n  Figure 1. 

We use t h e  gap width D between t h e  c y l i n d r i c a l  walls as l eng th  scale, D / v  as  2 

t i m e  scale ,  where v is t h e  kinematic v i s c o s i t y ,  and vAT/K as  t h e  temperature  

scale,  where AT = T2 - Ti is t h e  temperature d i f f e r e n c e  between t h e  walls and K 

is t h e  thermal d i f f u s i v i t y  of t h e  f l u i d .  Throughout t h e  a n a l y s i s  t h e  small-gap 

l i m i t  w i l l  be assumed, D < < r o ,  where r This  

a l lows us t o  introduce a Car t e s i an  system of coord ina tes  with t h e  x-coordinate 

is t h e  mean r a d i u s  of  t h e  annulus.  0 

i n  t h e  radial d i r e c t i o n ,  t h e  y-coordinate i n  t h e  azimuthal d i r e c t i o n ,  and t h e  z- 

coord ina te  i n  the  a x i a l  d i r e c t i o n ;  i n  dynamic meteorology and phys ica l  oceanogra- 

phy t h e  azimuthal d i r e c t i o n  is called zonal ,  and we s h a l l  use t h e  two terms i n t e r -  

changeably. The e f f e c t i v e  g r a v i t y  induced by t h e  c e n t r i f u g a l  f o r c e  po in t s  i n  t h e  

radial d i r ec t ion .  An add i t iona l  component of  g r a v i t y  i n  t h e  axial  d i r e c t i o n  

causes  l i t t l e  change i n  t h e  l i m i t  of  high r o t a t i o n  rates i n  which w e  are i n t e r -  

ested and t u r n s  out  t o  be i r r e l e v a n t  f o r  t h e  fol lowing a n a l y s i s  (Busse, 1970) .  

[Fig.  1 near  here,  please3 

Convection sets  i n  as columnar motions, o r  thermal Rossby waves, when t h e  

Rayleigh number R exceeds a c r i t i ca l  value Rc. Due t o  t h e  r a p i d  r o t a t i o n  ra te ,  

and i n  accordance with t h e  Taylor-Proudman theorem ( e . g . ,  Ghi l  and Ch i ld re s s ,  

1987, pp. 14-15), t h e  convective flow is nea r ly  independent of z and s a t i s f i e s  t h e  

geos t rophic  balance approximately,  
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where k is t h e  u n i t  vec to r  p a r a l l e l  t o  t h e  a x i s  of r o t a t i o n  and z' denotes  t h e  

small ageostrophic  p a r t  of t h e  motion. As has  been shown i n  detail  i n  earlier 

Y 

d e r i v a t i o n s  (B86; Busse and Or,  1986a1, t h e  func t ion  9 and t h e  corresponding 

dev ia t ion  9 from the  basic temperature d i s t r i b u t i o n ,  which is l i n e a r  i n  x ,  

s a t i s f y  t h e  dimensionless equat ions  

2 * 
+a -a I(ra IA q-q ayFb2q+Raye = o Cat y x x y a  

. Pca +a qa -a ]++a -A e = o 
t y x x y  Y 2  

(2.2b)  

2 2 Here at = W a t ,  b2 denotes t h e  two-dimensional Laplacian,  A2 = ax + av, where 
2 2  2 2  a2 = a /ax , a2 = a /ay , and t h e  th ree  dimensionless  parameters R,q , and P are 

X Y 
def ined  by 

rD3SZ2r&T 4q0D3SZ 
, P = V/K y , q =  LV 

R =  
VK 

rD3SZ2r&T 4q0D3SZ 
, P = V/K y , q =  LV 

R =  
VK 

where Y is t h e  c o e f f i c i e n t  of thermal expansion, Q is t h e  angular v e l o c i t y  of 

t h e  r o t a t i n g  system, L is t h e  mean height of t h e  annular reg ion ,  and q is t h e  

tangent of t h e  angle  x between t h e  conica l  end boundaries of t h e  annular reg ion  

and a ho r i zon ta l  plane.  

0 

* 
R is a Rayleigh number, P is t h e  P rand t l  number and q 

a parameter measuring t h e  vor tex-s t re tch ing  effect of radial  displacements.  
* 

The parameter q is equiva len t  t o  t h e  parameter f3 of dynamic meteorology 

and phys ica l  oceanography, as i n  t h e  B-plane approximation, where t h e  meridional  

dependence of t h e  C o r i o l i s  parameter f is l i n e a r i z e d ,  f = f o  + Bx. Th i s  equiva- 

lence  mani fes t s  i t s e l f  i n  t h e  Rossby-wave l i k e  dynamics of our d r i f t i n g  convec- 

t ive columns, hence t h e  terminology thermal Rossby waves. Although t h e  angle x 

is assumed t o  be s m a l l ,  q can become a r b i t r a r i l y  l a r g e  i n  t h e  l i m i t  of vanishing 

Ekman number E, where E = v/QD . As emphasized i n  B86, only  small changes i n  the  2 
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q u a n t i t a t i v e  aspects  must be expected i f  q 

does i n  t h e  experimental r e a l i z a t i o n s  of t h e  problem. 

becomes of order  u n i t y ,  a s  it usua l ly  0 

In  t h e  following w e  s tudy  s o l u t i o n s  of equat ions (2.2) sub jec t  t o  t h e  s t r e s s -  

f r e e  boundary condi t ions 

(2 .3)  2 1 \ ( r = a x + = e = O  a t x = f -  2 '  

as explained i n  t h e  earlier papers mentioned above. For t h e  purposes of t h e  

present  paper,  the  condi t ions  (2 .3 )  o f f e r  t h e  advantage t h a t  simple expressions 

( n )  of t h e  l i n e a r i z e d  form of system are obtained fo r  t h e  s o l u t i o n s  \(ro , eo 

(2.2), 

( n )  

(2.4) 2 2  2-1 ( n )  = sinnn(x+-)exp(iary+iot), 1 $0 2 e:)= iwo (")[iwP+n n +a I . 

These expressions descr ibe  d r i f t i n g  convection columns and so lve  equat ions (2.2) 

a f t e r  nonl inear  advection terms have been neglected,  provided the  following 

r e l a t i o n s h i p s  f o r  w and R a r e  sat isf ied:  

* 
( n ) -  -an 
O 2 2  2 w = w  - 

( I+P ) ( n  n +a 
9 

Of p a r t i c u l a r  physical  i n t e r e s t  are those  values  of a f o r  which R C )  reaches 

In  t h e  asymptotic case of l a rge  q , t h e  minimizing value a(") and 
* 

a minimum. 

t h e  corresponding value Rc 
C 

( n )  a r e  given by 
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where is defined by * 
P 

P 

( n )  -4'3 assoc ia ted  wi th  d i s t i n c t  values of n approach each The c r i t i ca l  values  Rc 

o t h e r  f o r  l a rge  q . This  fact is t h e  bas i s  f o r  t h e  a n a l y t i c a l  theory  of  nonl inear  
'IP 

8 

s o l u t i o n s  of Eqs. (2.2) which are generated by t h e  i n t e r a c t i o n  of two modes of t h e  

form (2.4). The i n t e r a c t i o n  between t h e  modes with n = 1 and n = 2 is of p a r t i -  

c u l a r  i n t e r e s t ,  s i n c e  they  have t h e  lowes t  c r i t i ca l  values  (B86), and t h e  follow- 

ing a n a l y s i s  w i l l  be restricted t o  t h i s  case. 

S t a r t i n g  with t h e  Ansatz 

we s h a l l  t r y  t o  ob ta in  approximate so lu t ions  of equat ions (2.2) by expanding \I' 

i n  a series 

here  4f represents  1 
A V A  V 

terms t h a t  are quadrat ic  i n  t h e  amplitudes A, A ,  B ,  and B; 

q2 r ep resen t s  t h e  cubic  terms, and so on. In  order  t o  ob ta in  equat ions f o r  

t h e s e  amplitudes i n  terms of R and the  average d r i f t  rate c of  t h e  s o l u t i o n s ,  

terms up t o  t h e  cubic order i n  (2.2) must be taken i n t o  account. 

The d e t a i l e d  c a l c u l a t i o n s  a r e  o m i t t e d  here .  After t h e  r ep resen ta t ion  

(2.8)  and t h e  corresponding one f o r  0 have been i n s e r t e d  i n t o  t h e  basic equat ions  

(2.2), t h e  s o l v a b i l i t y  condi t ions  f o r  t h e  cubic  order  are obtained by mult iplying 

( n )  2 2 2 * ( n )  2 2 2 ( n )  ( n )  (p iao  +n n +a ) Eq. (2 .2a)  by 24fp) (Piao +n n +ac) and Eq. (2.2b) by 2Rc eo 
* 

C 

(where t h e  star indicates complex conjugat ion) ,  averaging t h e  r e s u l t  over t h e  

f l u i d  l a y e r  and adding t h e  two equations f o r  n = 1 and n = 2, r e spec t ive ly .  Real 
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and imaginary p a r t s  of t h e  equat ions  f o r  n = 1,2 t h e n  g ive  rise t o  t h e  following 

fou r  equat ions  for  t h e  time dependence of A ( t ) ,  A ( t ) ,  B ( t ) ,  and B ( t ) :  
h V A V 

A v  v '2 ^2 ^2 '2  '2 ^2 d = [R-R:') - f o  ( A  + A - ( B  + B ) ( g  +fl)  - f 2 ( B  -B ) + 2f3BBlA '1 d t  0 

A' A -1 (1) ( B  ^2 +B '2 ) + h2 ( B  '2 -B ̂ 2 1 - 2h3BBI)A , + {Q(R-R:')) - (c-co ('))a - atll[c+a a. + hl 

A v  A ' 2  ^2 ^2 ' 2  ^2 '2 
'1 d t  ^A = CR-Ri'' - f o  ( A  +A ) - ( B  +B ) (go+fl)  - f 2 ( B  -B ) - 2f3BBlA 

A v  v '2 ^2 '2 ^2 '2 ^2 d '  ( 2 )  - ( B  +B ) - ( A  +A 1 (fo+gl) - g2(A -A 1 + 2g3AAIB 
go . 

t12 B = [R-R 
0 

A' A -1 (2) ^2 '2 '2 ^2 + { Q ~ R - R ~ ~ ) )  - (c-co ( 2 ) ) a  - aM2 [c+a a. + kl ( A  +A 1 + k2 ( A  -A ) - 2k3AA]}B , 

A' A ^2 '2 ( A  -A ) - 2g3AAIB ( B  +B ) - ( A  +A 1 (fo+gl) - g2 '2- ̂ 2 v 2  ̂ 2 ( 2 )  
M2 % = [R-Ro - go 

(2.96) 

The cons t an t s  fo ,  go are g iven  by 

The o t h e r  cons tan ts  a r e  given by l engthy  express ions  which t h e  au thors  w i l l  happi ly  

provide upon request .  
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I n  t h e  next s e c t i o n  we cons ider  s teady  s o l u t i o n s  of Eqs. (2.9) and analyze 

In  Sec t ion  4 a. numerical a n a l y s i s  of time-dependent s o l u t i o n s  t h e i r  s t a b i l i t y .  

w i l l  follow. 

The simplest s o l u t i o n s  of Eqs .  (2.9) are t h e  "pure" s o l u t i o n s  

and 
-1 n v  

A = A = O .  '2 ^2 (2) B +B = ( R - R ~  )go , c = - o'"/a , 
0 

( 3 . l b )  

n v  n v  
Any f u r t h e r  r e s t r i c t i o n  on A , A  or on B,B is precluded by t h e  t r a n s l a t i o n a l  

i nva r i ance  i n  t h e  y-direction of t h e  basic equat ions  (2.2). Higher-order 

terms f o r  t h e  s o l u t i o n s  (3.1) have been eva lua ted  by Busse and Or (1986a). 

I n  t h e  present  contex t  t h e  "mixed" s o l u t i o n s  are of primary interest .  I n  

s e t t i n g  A = 0, w e  break t h e  symmetry of A and A imposed by t h e  t r a n s l a t i o n a l  
A A V 

invar iance  and o b t a i n  

where x and N are def ined  by 

n v  
t anx  BIB,  N 5 (go+fi+f2cos2x+f3sin2x)(f 0 1 2  +g +g cosZx+g 3 sin2X) - gofo . (3 .3a ,b )  

The d r i f t  rate c and t h e  relative phase x are determined by t h e  equat ions  

(3.4a)  ^2 '2 
c + o( l ' /a  = ( k  -k cos2X+h3sin2X)(B +B 1 , 

0 1 2  
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The r e s u l t s  b f  t h e  amplitude expansion t o  second order  f o r  t h e  mixed-mode 

s o l u t i o n  agree w e l l  wi th  t h e  numerical r e s u l t s  obtained by OB86. I n  t h e  

I presence of nonlinear i n t e r a c t i o n s  between mul t ip l e  waves , OB86 called t h i s  t h e  

mean-flow so lu t ion ,  s i n c e  it is cha rac t e r i zed  by a s t rong  mean zonal  f low,  

induced i n  t h e i r  c a l c u l a t i o n s  e n t i r e l y  by t h e  convection (compare a l s o  Hathaway 

and Somervi l le ,  1987, where convection r e in fo rced  an imposed zonal  j e t ) .  The 

zonal-flow component r ep resen t s  a d i f f e r e n t i a l  r o t a t i o n ,  o r  mean shea r ,  a n t i -  

symmetric about t h e  midplane of t h e  small gap. There are i n  f a c t  two such solu-  

t i o n s  (B86), d i f f e r i n g  by a s i g n ,  and t h i s  fac t  affects  t h e  na ture  of b i f u r c a t i o n s  

leading t o  t h e  p a i r  of mean-flow s o l u t i o n s .  F igures  2a and 2b, which refer t o  

q = 700 and q = 1500, r e spec t ive ly ,  show how t h e  mean-flow i n s t a b i l i t y  thresh-  
* * 

o l d ,  def ined  i n  terms of (B-Bc)/Bc,  v a r i e s  with a. Here B = RP is t h e  buoyancy 

parameter,  and q = O(10 ) corresponds t o  p l ane ta ry  app l i ca t ions ,  allowing f o r  an 

eddy v i s c o s i t y  O(10 m /s )  (OB86). The curves i n  pane ls  ( a )  and ( b )  of t h i s  f i g u r e  

3 * 

6 2  

agree s o  c lose ly  with those  computed numerically by O r  (1985,. Figures  11 and 20)  

t h a t  we have r e f r a ined  from reproducing here  t h e  l a t te r .  

[Fig.  2 near here ,  please3 

We have a l so  found a s o l u t i o n  not obtained i n  OB86. Figure 3 shows b i furca-  

t i o n  diagrams as p l o t s  of  t h e  amplitude versus  t h e  buoyancy parameter B.  The 

numerical method of OB86 gave only t h e  success ive  b i f u r c a t i o n s  shown i n  F ig .  3a. 

We ca l l  t h i s  b i fu rca t ion  tree Solu t ion  I .  The phase s h i f t  between t h e  two waves 

i n  So lu t ion  I is l a r g e ,  x = f -. The b i f u r c a t i o n s  of  t h e  new s o l u t i o n ,  which we 

c a l l  So lu t ion  11, are shown i n  Fig.  3b. The phase s h i f t  i n  So lu t ion  I1 is sma l l ,  

x = f L, and t h i s  s o l u t i o n  arises a t  a s l i g h t l y  higher c r i t i c a l  va lue  of 

2n 
3 

12  

= 30810 > R1 = 30680 ( a t  a = ac = 9.37) than  So lu t ion  I .  
I 

. R, R 

I [Fig.  3 near  here,  please3 
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The two mixed-mode so lu t ions ,  r e l a t e d  by a simple symmetry, appear as a 

s i n g l e  branch i n  t h e  b i fu rca t ion  diagrams of F igures  3a,b,  which show only the  

abso lu te  values  I A I  and IBI of A2 = A + A and B2 = B + B2. But t h e  ex i s t ence  ^2 ‘2 -2 ” 

of t h e  pair is reflected i n  t h e  f a c t ’ t h a t  t h e  mixed-mode branch is perpendicular  

P’ t o  t h e  pureysolut ion branch from which it emerges (shown as t h e  branch ( A  = A 

B = 0 )  f o r  Solu t ion  I and t h e  branch ( A  = 0 ,  B = B ) for  So lu t ion  111, a t  t h e  

b i f u r c a t i o n  poin t .  This  reflects t h e  pitchfork-type of  b i fu rca t ion  involved,  
P 

imposed by t h e  symmetry of t h e  pair (Guckenheimer and Holmes, 1983, Sec t ion  3.4; 

see also Ghil  and Chi ldress ,  1987, Figure 5.8,  poin t  B, f o r  a similar s i t u a t i o n  

i n  t h e  classical, ba roc l in i c  annulus).  

The s t a b i l i t y  of  t h e  mixed-mode s o l u t i o n  branches (Aa, Bp) depends on t h e  

s i g n  of  N, Eq. (3.3b). An ana lys i s  analogous t o  t h a t  of Busse and Or (1986b) 

f o r  o rd ina ry  Rayleigh-BGnard convection shows t h a t  t h e s e  s o l u t i o n s  are s t a b l e  

when N > 0 .  I n  Figure 4 t h e  curve N = 0 is shown i n  t h e  plane of Prandt l  number 

P and geometric vortex-st retching number q . Prand t l  numbers near 1 . 0  are 
* 

real is t ic  f o r  t h e  atmospheres of t h e  ou te r  p l ane t s ,  and f o r  t h e  l abora to ry  

experiments cited i n  Sec t ion  1. 

[Fig.  4 near  here ,  please3 

The analysis g iv ing  t h e  neutral curve i n  Figure 4 is based on an asymptotic 

expansion v a l i d  at the  poin t  of onset of convection R = Rl. I t  g ives  t h e r e f o r e  

t h e  a c t u a l  s t a b i l i t y  of mixed so lu t ions  only i n  t h e  l i m i t  of q + -. Indeed, 

comparison of Figures  2b and 2d, v a l i d  f o r  q = 1500, with 2a and 2c ,  f o r  

* 

* * 
i a s q  q = 700,  shows t h a t  t h e  successive b i fu rca t ions  t end  t o  co l l apse  i n t o  R 

i nc reases ,  f o r  both Solu t ion  I (Figures  2a, b; see a l s o  B86, OB86) and So lu t ion  

11. (Figures  2c, d ) .  
* 

For lower .values of q , higher-order c o r r e c t i o n  terms are necessary,  and 

f o r  q -P 0 t h e  ana lys i s  breaks down. An e x c e l l e n t  review of mul t ip le  bifurca-  
* 
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t i o n s  f o r  competing i n s t a b i l i t i e s  appears i n  Coul le t  and Spiege l  (1983) ,  and 

t h e  theory  works c l e a r l y  q u i t e  w e l l  f o r  t h e  high ,values of q i n  which w e  a r e  
* 

i n t e r e s t e d .  The v a l i d i t y  of  its app l i ca t ion  t o  t h e  lower r o t a t i o n  ra tes  of t h e  

c lass ical ,  ba roc l in i c  annulus appears  un fo r tuna te ly  more ques t ionable .  

4. TIME-WENDENT soLvTIowS 
4a. Bifurcation structure 

P a r t  of  t h e  a t t r a c t i o n  of t h e  rap id ly- ro ta t ing  annulus,  as  mentioned already 

i n  t h e  In t roduct ion ,  is t h a t  complex temporal behavior can be s t u d i e d  i n  t h e  con- 

t e x t  of s p a t i a l l y  2-D, and hence a n a l y t i c a l l y  s imple ,  s t r u c t u r e s .  Time-dependent 

s o l u t i o n  branches, a s soc ia t ed  with t h e  two s t a t i o n a r y  mean-flow s o l u t i o n s  discus-  

sed above, emerge. We still ca l l  t h e  corresponding branches So lu t ions  I and 11, 

respectively: the  corresponding phase s h i f t s  XI  and XI' now vary  wi th  t i m e ,  but 

times and f o r  a l l  parameter va lues  we i n v e s t  i g a t  e d . 
I 

Figure S shows t h e  success ive  b i f u r c a t i o n s  of So lu t ion  I ( l e f t  p a r t  of  t h e  

f i g u r e )  and Solu t ion  I1 ( r i g h t  p a r t ) ,  as a func t ion  of t h e  buoyancy parameter B ,  

f o r  P = 1 .0  and q = 700. The per iod  T of t h e  first o s c i l l a t o r y  i n s t a b i l i t y  is 
* 

r a t i o n a l l y  unre la ted  t o  t h e  per iod  of propagation 2n/o of  t h e  thermal Rossby wave, 

f o r  almost a l l  parameter values .  Hence t h e  whole regime of flow as soc ia t ed  with 

t h e  per iod  T and its mul t ip l e s  (see below) can be termed vacillating, by analogy 

wi th  t h e  c l a s s i c a l ,  ba roc l in i c  annulus s i t u a t i o n  (Hide,  1977; Ghil  and Ch i ld re s s ,  

1987, Sec. 5.3). The na ture  of  t h e  v a c i l l a t i o n  i n  t h e  zonal ly-per iodic  waves of  

mixed mode w i l l  be s tud ied  i n  some de ta i l  i n  Sec t ion  4b. 

[Fig.  4 near here ,  please3 

A period-doubling cascade, a l l  t h e  way t o  ape r iod ic ,  chaot ic  o r  t u rbu len t  

behavior ,  is i n  evidence f o r  both s o l u t i o n  branches.  The r a t i o s  

(4 .1 )  
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are known t o  converge t o  a value 6 4.67 (Feigenbaum, 1984).  Using t h e  

t r a n s i t i o n  t o  aper iodic  behavior as Bn+l, w e  have t h e  l i m i t i n g  value 6 4.78 

f o r  So lu t ion  I1 and bn 4.09 f o r  Solu t ion  I. The best experimentally- 

determined value, f o r  Rayleigh-B6nard convection i n  l i q u i d  helium cons t ra ined  

by a magnetic field, is &n 4.4 (Libchaber, 1985).  

n 

Pe r iod ic  windows wi th in  t h e  aperiodic  regime beyond t r a n s i t i o n  are part of 

t h e  f u l l  Feigenbaum scena r io  (Kadanoff, 1983).  They have a l s o  been observed i n  

numerical s t u d i e s  of simple models of large-scale  atmospheric flow (Pedlosky 

and Frenzen, 1980; Legras and Ghi l ,  1983). The per iods  assoc ia ted  with t h e s e  

windows are (2k+l)T, where T is t h e  basic  period. For So lu t ion  I ,  one observes 

a per iod  of  3T1 p 0.66 a t  B = 39719.97 and !Ti 1.1 at  B = 39721.66. For 

So lu t ion  11, per iods  of 3Tz si 0.42 and 7TZ 0.98 are observed at  B = 40375.43 

and B = 40383.11, respec t ive ly .  -- 

The reappearance of  a steady-state s o l u t i o n  f o r  l a r g e r  va lues  of t h e  

parameter is u n r e a l i s t i c .  It is usua l ly  an ar t i fact  of t he  low-order 

t runca t ion  (Ghil  and Chi ldress ,  1987, Sec t ion  5.3). Such a spurious "re- 

s impl i f i ca t ion"  w a s  a l ready  encountered by Lorenz (1963b) i n  a s tudy ,  similar t o  

t h e  p re sen t  one, of t h e  classical annulus experiments. We note  t h a t ,  for  

So lu t ion  I,  good agreement with t h e  numerical r e s u l t s  of OB86 is obtained f o r  

B < 39725.33. 
* 

Figures  6a and 6b survey t h e  s t r u c t u r e  of Solu t ions  I and I1 i n  t h e  (B-q ) 

plane over t h e  region which we have s tudied .  Solid l i n e s  i n  Figure 6a 

sepa ra t e ,  from lower r i g h t  t o  upper l e f t ,  reg ions  of pure-mode s teady  s t a t e s ,  

simply-periodic,  multiply-periodic (2T t o  16T) and aper iodic  so lu t ions .  Lines 

i n  t h e  Figure 6b sepa ra t e  regions of s t eady  s ta te ,  symmetric simply-periodic,  

asymmetric simply pe r iod ic ,  multiply-periodic (2T t o  16T) and aper iodic  solu- 
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t i o n s  f o r  t h e  first band. A second reg ion  of  v a c i l l a t i n g  s o l u t i o n s  is seen  i n  

t h e  upper left-hand corner  of t h e  f i g u r e .  An expanded view of t h e  r ec t angu la r  

4 8 
reg ion  near q = 700, 0 = 3.8 x 10  is shown i n  t h e  i n s e t s  i n  t h e  lower r i g h t -  

hand corner  of Figures  6a, b. T rans i t i ons  between 2T-, 4T-, 8T-, and 16T- 

pe r iod ic  so lu t ions  are shown i n  t h e s e  i n s e t s .  

CFig. 6 near  here ,  p l ease l  

Figure 7 shows t h e  B-dependence of  frequency f o r  s o l u t i o n  branches I and 

11. The s o l i d  l i n e s  represent  Solu t ion  I and t h e  dashed l i n e s  So lu t ion  11. 

The frequency of So lu t ion  I1 is much higher  t han  t h e  frequency of  So lu t ion  I f o r  

comparable s t a t e s  throughout t h e  whole period-doubling process .  

CFig. 7 near  here,  please3 

The frequencies  o f  each s o l u t i o n  are e x a c t l y  halved a t  each b i f u r c a t i o n  

po in t .  Between p a i r s  of period-doubling po in t s ,  t h e  f requencies  of each solu- 

t i o n  inc rease  s l i g h t l y .  One expects nonl inear  o sc i - l l a to r s  t o  have amplitude- 

dependent and/or parameter-dependent f requencies ,  whether t h e  per iod  has 

doubled o r  no t .  S t i l l ,  it does not seem t o  be widely not iced  t h a t  t h e  "doubled" 

per iod  w i l l  i n  general  only be approximately double t h e  per iod  observed a t  lower 

va lues  of t h e  b i fu rca t ion  parameter ( c f .  Legras and Ghi l ,  1983) .  

The thresholds  of v a c i l l a t i n g  i n s t a b i l i t y  f o r  So lu t ions  I and I1 are p l o t t e d  

i n  Figure 8 as t h e  c r i t i ca l  buoyancy number versus t h e  azimuthal wavenumber a. 

The cases shown i n  Figure 8a and 8b are f o r  P rand t l  number P = 0.3 and P = 1 . 0 ,  

r e spec t ive ly ,  with q = 700. The s o l i d  l i n e s  r ep resen t  So lu t ion  I and t h e  dashed 
* 

l i n e s  represent  So lu t ion  11. 

CFig. 8 near  here,  please3 

From Figure 8, we can first see t h a t  both t h e  mean-flow and v a c i l l a t i n g  

i n s t a b i l i t i e s  of So lu t ion  .I always appear ear l ier  than  t h e  corresponding 

i n s t a b i l i t i e s  of So lu t ion  I1 as t h e  buoyancy number inc reases .  Secondly, t h e  
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mean-flow i n s t a b i l i t y  occurs f o r  lower B than  t h e  v a c i l l a t i n g  i n s t a b i l i t y  i n  

So lu t ion  I as long as t h e  P r a n d t l  number is l a r g e  (Fig.  8b);  t h i s  is t r u e  of Solu- 

t i o n  I1 independently of P (F igures  8a and 8b) .  Third,  when P = 0.3 and t h e  wave 

number a is l a r g e ,  t h e  mean-flow i n s t a b i l i t y  boundary of So lu t ion  I is lower 

t h a n  t h e  v a c i l l a t i n g  i n s t a b i l i t y  boundary. However, the two boundaries grad- 

u a l l y  approach each o t h e r  as a decreases. They c r o s s  at t h e  cr i t ical  poin t  of 

> 0 ) .  As a cont inues  t o  aB t h e  v a c i l l a t i n g  instabi l i ty  boundary (s = 0 , 

decrease ,  t h e  boundary of t h e  mean-flow i n s t a b i l i t y  occurs at g r e a t e r  B than  

the boundary of the v a c i l l a t i n g  i n s t a b i l i t y ,  and t h e  d i s t a n c e  i n  B between the  

- 
2 i3a 

two boundaries increases .  A l l  results f o r  So lu t ion  I a r e  i n  t o t a l  agreement 

wi th  t h o s e  fo r  t h e  numerical model of OB86 (F igures  7c, d ) .  

F igures  9a and 9b show t h e  r e l a t i v e  p o s i t i o n  of t h e  mean-flow and vacillat- 

ing  I n s t a b i l i t y  boundary of Solu t ions  I and 11, r e s p e c t i v e l y ,  on a graph of B 

a g a i n s t  P. The two boundaries c r o s s  at P 0.2 and P 2.9 f o r  So lu t ion  I and 

t h e  v a c i l l a t i n g  i n s t a b i l i t y  occurs a t  l a r g e r  B t h a n  t h e  mean-f low i n s t a b i l i t y  

f o r  P between t h e s e  two va lues  (Figure 9 a ) .  This  a l s o  agrees  w e l l  wi th  t h e  

numerical r e s u l t s  ob ta ined  by OB86. For So lu t ion  I1 (F igure  9 b ) ,  t h e  relative 

p o s i t i o n s  of t h e  two s t a b i l i t y - t h r e s h o l d  curves are t h e  same, both curves are 

somewhat higher ( l a r g e r  B f o r  same PI, t he  crossover  p o i n t s  are P s 0.6 and P s 

2.3, and t h e  downturn i n  t h e  v a c i l l a t i o n  th re sho ld  a t  low P is not as pronounced 

as i n  So lu t ion  I. 

[Fig. 9 near here ,  please3 

4b. Solution properties 

To a s c e r t a i n  t h e  r e l i a b i l i t y  of our numerical r e s u l t s  f o r  time-dependent 

s o l u t i o n s ,  w e  compare next two methods of so lv ing  Eqs. ( 2 . 9 )  f o r  a simply- 

pe r iod ic ,  v a c i l l a t i n g  s o l u t i o n .  Figure 10a shows t h e  abso lu te  amplitudes of 

t h e  f i r s t  ( s o l i d )  and second (dashed) modes i n  t h e  s t reamfunct ion of So lu t ion  
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11, as func t ions  of  time, using a fourth-order  Runge-Kutta method. Figure 10b 

shows t h e  v a r i a t i o n  of t h e  same two modes as c a l c u l a t e d  by a Fourier-decomposi- 

t i o n  method (Urabe, 1967, pp. 225-228) i n  which t h e  t i m e  dependence of a 

pe r iod ic  so lu t ion  is p ro jec t ed  onto t h e  fundamental per iod  and its harmonics, 

so lv ing  f o r  t h e  undetermined c o e f f i c i e n t s  by a Newton-Raphson method. After 

ad jus t ing  f o r  t he  a r b i t r a r y  phase of t h e  v a c i l l a t i o n ,  t h e  two s o l u t i o n s  d i f f e r  

by only a f e w  percent.  The Fourier-decomposed s o l u t i o n  i s ,  by cons t ruc t ion ,  

e x a c t l y  per iodic ,  while t h e  Runge-Kutta s o l u t i o n  shows very s l i g h t ,  bounded 

dev ia t ions  from pe r iod ic i ty .  

CFig. 10 near  here ,  please3 

The power spectrum of So lu t ion  11, using both methods, is shown i n  Figure 

11. Panels  ( a )  and ( c )  show t h e  s imple s o l u t i o n  (B = 38893), while ( b )  and 

( d )  show t h e  so lu t ion  af ter  per iod  doubling (B = 39156). The power s p e c t r a  f o r  

t h e  same so lu t ion  computed by t h e  two d i f f e r e n t  methods agree e x a c t l y  i n  t h e  - 

p o s i t i o n  of t h e  peaks and q u i t e  w e l l  i n  t h e i r  amplitude. The l a r g e s t  peaks i n  

t h e  simple so lu t ion  (pane l s  ( a )  and ( c ) ) ,  represent  t h e  fundamental per iod;  t h e  

smaller peaks are harmonics. After pe r iod  doubling (pane l s  (b) and ( d ) ) ,  t h e  

fundamental peak and its harmonics are accompanied a l s o  by a peak a t  ha l f  t h e  

main frequency, with amplitude in te rmedia te  between t h e  fundamental and its 

first harmonic. 

CFig. 11 near  here,  please3 

Figure 1 2  shows t h e  t i m e  evolu t ion  f o r  s t reamfunct ion amplitudes of  modes 

1 and 2 i n  Solu t ion  11, as a func t ion  of  buoyancy number. The s o l u t i o n  is 

simply-periodic i n  panel ( a )  (B = 38893), it has undergone pe r iod ic  doubling i n  

panel  ( b )  (B = 40000), per iod  quadrupling i n  panel ( c )  (B = 40350) and it is 

ape r iod ic  i n  panel (d )  (B = 40375). The s l i g h t  d i s t o r t i o n  of t h e  s o l u t i o n  i n  

t h e  time domain as it undergoes per iod  doubling i n  t h e  frequency domain (F igure  
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11) is q u i t e  s t r i k i n g .  The per iod o f t h e  v a c i l l a t i o n  increases  from 0.15 t o  0.28 

and then  from 0.55 t o  i n f i n i t y  as t h e  buoyancy number increases .  

CFig. 12 near here ,  please3 

Figure 13 shows t h e  phase plane of k i n e t i c  energy, E vs. dE/dt, f o r  So lu t ion  

I (panel  ( a ) )  and Solu t ion  I1 (panel  ( b ) ) .  Figures  14a and 14b show t h e  corre-  

sponding phase p lanes  f o r  t h e  ve loc i ty  components, u vs. v. 

[Figs .  13 and 14  near here ,  please3 

The f e a t u r e s  of t h e  success ive  b i fu rca t ions  are c l e a r l y  apparent i n  these 

fou r  f i g u r e s .  For Solu t ion  I ,  with t h e  l a rge  phase s h i f t  between modes (F igures  

13a and 14a), t r a n s i t i o n  occurs  from t i )  t h e  simply-periodic v a c i l l a t i o n ,  t o  

(ii) per iod  doubling, (iii) period quadrupling, through ( i v )  an 8T-periodic solu-  

t i o n  to (v) an aper iodic  so lu t ion .  For So lu t ion  11, with t h e  small phase s h i f t  

(F igures  13b and la), t h e  t r a n s i t i o n  occurs  from (i). t h e  symmetric simply- 

pe r iod ic  v a c i l l a t i o n  t o  (ii) t h e  asyarretric one (&st v i s i b l e  i n  Figure 1 4 b ) ,  

through (iii) period doubling and ( i v )  quadrupling, on t o  ( v )  an 8T-periodic and 

( v i )  an aper iodic  so lu t ion .  

A Poincar; s e c t i o n  through t h e  so lu t ion  o r b i t s  i n  t h e  system's four-dimen- 

s i o n a l  (4-D) phase space is obtained as follows: The 3-D "hyperplane" 

a r c t a n  A/B = n/3 is used as a sur face  of s ec t ion .  The po in t s  of  i n t e r s e c t i o n  
V 

between t h e  one-dimensional (1-D) t r a j e c t o r y  and t h i s  3-D su r face  are then  pro- 

jected onto t h e  2-D (A,B)-plane, leading t o  t h e  Poincar; maps i n  Figure I S .  

Lorenz (1984) has used a somewhat d i f f e r e n t  approach f o r  t h e  d e t a i l e d  s tudy  of a 

s t r ange  a t t r a c t o r ' s  l o c a l  s t r u c t u r e  i n  4-D space by i n t e r s e c t i o n s  w i t h  a 2-D 

plane. 

CFig. 15 near here ,  please3 

Our main purpose here is t h e  study of t h e  success ive  s t a g e s  of t r a n s i t i o n  

from thermal Rossby waves, v i a  mixed-mode mean-flow s o l u t i o n ,  v a c i l l a t i o n  and 
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period-doubling cascade t o  chao t i c  f 16w.  The s t a g e  i n  t h e  period-doubling cascade 

is c l e a r l y  ind ica ted  by t h e  number of po in t s  i n  t h e  Poincar; maps of  Figure l S ,  

n p o i n t s  f o r  an nT-periodic so lu t ion .  While t r u e  a p e r i o d i c i t y  cannot be i n f e r r e d  

conclus ive ly  from any numerical s o l u t i o n  of f i n i t e  l eng th ,  t h e  d i f f e rence  between 

Figures  l S a ( i v )  and l S a ( v )  f o r  So lu t ion  I ,  and between Figures  l S b ( v i )  and 1Sb(v)  

f o r  So lu t ion  11, is very sugges t ive  of  a s t r a n g e  a t t r a c t o r  having rep laced  t h e  

16T-periodic l i m i t  cyc l e ,  as ind ica t ed  i n  Figures  5, 6 and 12-14. 

Successive "snapshots" on t h e  s t reamfunct ion f ie lds  f o r  So lu t ion  I and I1 

during one f u l l  simple per iod  are shown i n  F igures  16a and 16b, r e spec t ive ly .  

A s i n g l e  v e r t i c a l  column appears between the  two side walls a t  x = -0 .S  and 

x = 0 . 5 .  Because t h e  ver t ical  column moves i n  t h e  azimuthal d i r e c t i o n  y w i t h  

speed c ,  w e  have allowed t h e  coordinate  system t o  move w i t h  t h e  same speed,  

making c = 0 .  

[Fig.  16  near  here,  please3 

The per iods  i n  Figures  16a  and 16b are s l i g h t l y  d i f f e r e n t ,  and these per iods  

change with B as ind ica t ed  i n  Figure 7 .  The l a r g e s t  d i f f e r e n c e  between t h e  two 

f i g u r e s ,  however, is i n  t h e  asymmetric na tu re ,  and s t r o n g e r  v a c i l l a t i o n ,  of t h e  

convection columns i n  panel ( b ) .  

So lu t ion  I e x h i b i t s  what is called amplitude vacillation i n  t h e  more s lowly  

r o t a t i n g ,  c l a s s i c a l  annulus: t h e  maximum range of t h e  (nondimensional) stream- 

func t ion  varies between 25 u n i t s  and 35 u n i t s ,  w i t h  l i t t l e  change i n  tilt o r  

genera l  shape. So lu t ion  I1 on t h e  o the r  hand shows shape o r  tilted-trough 

v a c i l l a t i o n ,  w i t h  a s l i g h t l y  smaller relative change in amplitude,  but a pro- 

nounced o s c i l l a t i o n  between forward and reverse tilt of  t h e  waves. 

I t  is i n t e r e s t i n g  t h a t  i n  t h e  annulus wi th  moderate r o t a t i o n  r a t e s ,  

ba ro t rop ic  e f f e c t s  predominate i n  shape v a c i l l a t i o n ,  while ba roc l in i c  e f f e c t s  

are mare involved i n  amplitude v a c i l l a t i o n  ( P f e f f e r  and Chiang, 1967; Ghil  and 
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Ch i ld re s s ,  1987, Sec. 5.5). This  seems t o  agree with t h e  l a rge  phase s h i f t  

between waves .in our So lu t ion  I ,  and t h e  almost vanishingly-small s h i f t  i n  

So lu t ion  11. The analogies  need t o  be analyzed f u r t h e r ,  along t h e  l i n e s  of B86 

and Busse and Or (1986a). 

5. allIuxuDIIIGLmuBILs 

High r o t a t i o n  rates and t h e  accompanying Taylor-Proudman effect i n  a differen- 

t ia l ly-hea ted  annulus with s loping top and bottom w a l l s  lead t o  near ly  two-dimen- 

s i o n a l  (2-D) d r i f t i n g  convection columns. A semi-analytic 2-D model was first 

proposed by Busse (1986, r e f e r r e d  t o  -as  B86 throughout our  paper) t o  s tudy  a 

sequence of b i f u r c a t i o n s  i n  t h e  behavior of t h e s e  columns, while Or and Busse 

(1986, OB86 throughout) obtained p a r t i a l  r e s u l t s  on t h e  first f e w  b i f u r c a t i o n s  

with a numerical 2-D model of l imi t ed  r e so lu t ion .  

Using t h e  semi-analytic model, we pursued t h e  b i f u r c a t i o n  sequence from 

s t ead i ly -d r i f t i ng ,  azimuthally-periodic columns through v a c i l l a t i o n  and a 

period-doubling cascade a l l  t h e  way t o  temporal a p e r i o d i c i t y  o r  de t e rmin i s t i c  

chaos. I n  ord inary  Rayleigh-BGnard convection between parallel plates and i n  

t h e  d i f f e ren t i a l ly -hea ted  annulus with moderate r o t a t i o n  rates, higher temporal 

complexity is only a t t a i n e d  through three-dimensional (3-D) motions of consider- 

able spatial complexity (Buzyna et al., 1984; Hide, 1977; Krishnamurti ,  1973; 

Libchaber, 1985). Thus t h e  c l a s s i c a l  studies of t r a n s i t i o n  t o  de t e rmin i s t i c  

chaos using semi-analytic 2-D models i n  these  two problems (Lorenz, 1963a,b) 

serve as q u a l i t a t i v e  metaphors, r a t h e r  than  as q u a n t i t a t i v e  guide posts f o r  

t h e  observed b i fu rca t ion  sequence. The rap id ly- ro ta t ing  device,  on t h e  o the r  

hand, provides hope t h a t  our semi-analytic 2-D r e s u l t s  are realistic:. 

A l l  t h e  f e a t u r e s  of our r e s u l t s  t h a t  could be t e s t e d  aga ins t  t h e  numerical 

ones of OB86, such as s t a b i l i t y  th resholds  as a func t ion  of  parameters (Figures  



-22- 

2 and 8 ) ,  agree t o  wi th in  a f e w  percent ,  a t  worst .  The r e s u l t s  of OB86, i n  t u r n ,  

seemed t o  be i n  reasonable  agreement wi th  experimental  r e s u l t s  (Azouni e t  al., 

1986; Busse and Carr igan,  1974) .  In  add i t ion  t o  t h e  amplitude v a c i l l a t i o n  of 

OB86 (So lu t ion  I here ,  Figure 16a1, we have discovered a t i l t ed - t rough  vacil la- 

t i o n  (So lu t ion  11, Figure 1 6 b ) ,  which has f requencies  higher  than  t h e  previous 

one by about 502 throughout t h e  period-doubling. cascade (Figure  7). The experi-  

mental and numerical v e r i f i c a t i o n  of t h i s  t i l t ed - t rough  v a c i l l a t i o n  i n  t h e  

rap id ly- ro ta t ing  annulus is an immediate sugges t ion  f o r  f u t u r e  work. 

High r o t a t i o n  ra tes ,  aside from imposing a 2-D s t r u c t u r e  even t o  temporally- 

complex flows, a l s o  cause t h e  success ive  b i f u r c a t i o n s  t o  accumulate near  t h e  

c r i t i c a l  Rayleigh number value f o r  t h e  onse t  of convection. This  e f f e c t  is 

analogous t o  t h a t  of low Prand t l  number i n  o rd ina ry  convection (Krishnamurt i ,  

1973) .  The accumulaiton of  b i f u r c a t i o n  po in t s  is an advantage f o r  t h e  a n a l y s i s  of 

competing i n s t a b i l i t i e s  by averaging and unfolding methods (Arnold, 1983, Secs. 

33-35; Coul le t  and Spiege l ,  1983; Guckenheimer and Holmes, 1983, Ch. 7). But it 

makes t h e  c a r e f u l  experimental  s tudy  of t h e  competing i n s t a b i l i t i e s  more d i f f i c u l t .  

Hence v e r i f i c a t i o n  of t h e  present  r e s u l t s  using a semi-analytic model with a l a r g e r  

number of modes might be t h e  next s t e p  on t h e  road t o  understanding t h e  t r a n s i t i o n  

t o  2-D turbulence i n  a rap id ly- ro ta t ing ,  d i f f e ren t i a l ly -hea ted  annulus.  

Ac kno wl edge men t s 

Figure 7 and t h e  accompanying ana lys i s  were motivated by two d i scuss ions  of 

one of  us  (M.G.) wi th  John E. Hart, concerning unpublished work of Richard L .  

P f e f f e r  on period doubling i n  t h e  annulus wi th  moderate r o t a t i o n  ra tes  and with 

bottom topography. This  work was supported by NASA Grant NAG-5713 and by NSF 

Grant ATM 86-15424. B. Gola typed t h e  manuscript and K. t l a n t r e l l i  drew t h e  

f i g u r e s  . 
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Figure Captions 

Figure 1. Geometrical conf igura t ion  of t h e  r o t a t i n g  f l u i d  annulus,  w i t h  

s lop ing  t o p  and bottom "lids". 

F igure  2. I n s t a b i l i t y  th re sho lds  of pure and mixed s o l u t i o n s ,  (B-Bc)/Bc as  a 
* * 

func t ion  o f  wavenumber a; P = 1.0. a )  q = 700, b)  q = 1500, f o r  So lu t ion  I ;  
* * 

C )  q = 700, b) q = 1500, f o r  So lu t ion  11. 

Figure 3. Bifurca t ion  diagrams f o r  pure ( s u b s c r i p t  p )  and mixed-mode ( s u b s c r i p t  

m )  so lu t ions :  amplitude v a r i a t i o n  versus  t h e  Rayleigh number R. a )  x f 

2n/3. The poin ts  R1, Pu, RU,  and Qu i n  ( A ,  R) coord ina tes  here are a s soc ia t ed  

wi th  t h e  same poin ts  given i n  ( B y  a) coord ina tes  i n  Figures  2a ,b .  b )  x f n/12. 

I 

Poin t s  R '  and Q1' correspond t o  those  i n  Figures  2c ,d .  S o l i d  l i n e s  r ep resen t  1 U 

stable s o l u t i o n s  and dashed l i n e s  represent  uns tab le  s o l u t i o n s .  In  both pane ls  

q = 700, and the  b i f u r c a t i o n  s t r u c t u r e  p e r s i s t s  f o r  a l l  a > a we i n v e s t i g a t e d  

(compare Figures  2 and 8 ) .  

* 
C 

Figure 4. Neutral mixed-mode s t a b i l i t y  curve N = 0 f o r  So lu t ion  I ( s o l i d )  and 

f o r  So lu t ion  I1 (dashed) i n  t h e  q - P parameter plane,  a t  c r i t i c a l  va lues  Bc 

and a . 
Figure  5. Successive b i f u r c a t i o n s  i n  So lu t ion  I and i n  t h e  first unsteady band 

* 

C 

of  So lu t ion  I I.  

Figure 6. Solu t ion  s t r u c t u r e  i n  t h e  B - q (buoyancy-Coriolis) plane.  a )  
* 

Solu t ion  I ;  b )  Solu t ion  11. P = 1.0 ,  a = a = 9.37. 

F igure  7. Frequency dependence on buoyancy parameter f o r  So lu t ions  I and 11. 

q = 700, P = 1, a = a .  

Figure 8. Mean-flow and v a c i l l a t i n g  i n s t a b i l i t y  boundaries ,  as a func t ion  of 

wavenumber; q = 700. a )  P = 0.3, b)  P = 1.0; c )  This  panel  is t h e  same as 

C 

* 
C 

* 

panel ( a ) ,  except it is c a l c u l a t e d  by t h e  model of 0886, d )  Same as panel 

( b ) ,  except as ca l cu la t ed  by t h e  model of OB86. 
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Figure  9. Marginal s t a b i l i t y  curves f o r  the mean-flow and v a c i l l a t i n g  flow 

regimes as a funct ion of B vs.  P a t  the  c r i t i c a l  wavenumber a = ac, and a t  q = 
* 

700. a )  Solu t ion  I; b)  Solu t ion  11. 

Figure  10, The absolu te  amplitudes of t h e  first ( s o l i d )  and second (dashed) 

modes of t h e  s t reamfunct ion f o r  Solu t ion  11, as a func t ion  of time. a )  The 

v a r i a t i o n  as ca lcu la t ed  by a Runge-Kutta method; b )  Fourier-decomposition 

method. 

Figure 11. The power spectrum of Solut ion I1 i n  two cases: ( a , c )  B = 38893, 

B = 38893, q = 700, P = 1, a = ac ,  c = 12.7. 

simply-periodic so lu t ion ;  ( b , d )  B = 39156, after pe r iod  doubling. The s o l u t i o n  

w a s  c a l cu la t ed  by a 

r e spec t ive ly .  P = 

spectrum of t h e  two 

a t  a l l  f requencies .  

Runge-Kutta method ( a , b )  and by Four ie r  decompositon ( c , d ) ,  

1.0, q = 700, a = ac. The two l i n e s  correspond t o  t h e  

modes, with t h e  f i r s t  mode having more power than  t h e  second 

Figure l.2. Solu t ion  11: streamfunction amplitudes of modes 1 ( s o l i d )  and 2 

(dashed) as func t ions  of time; q a )  B = 38893, b)  B = 40000, 

c )  B = 40355, d )  B = 40380. 

* 
= 700, a = ac. 

Figure 13, Phase plane of k i n e t i c  energy (change i n  k i n e t i c  energy versus  

k i n e t i c  energy) ;  P = 1 .0 ,  q a )  Solu t ion  I : i)  B = 38893, 
8 

= 700, a = ac. 

ii) B = 39240, iii) B = 39645, iv )  B = 39704, v )  B = 39720; b)  So lu t ion  11: 

i )  B = 36500, ii) B = 38893, iii) B = 40000, i v )  B = 40350, v)  B = 40367, 

v i )  B = 40375. 

Figure 14- Veloci ty  phase plane, v vs. u. Panels  ( i ) - ( v )  i n  Figure 14a 

correspond t o  those  i n  Figure 13a, and ( i ) - ( v i )  i n  Figure 14b t o  Figure 13b. 

Figure  I S .  Poincar; maps A vs.  B. Maps ( i ) - ( v )  i n  Figure 15a correspond t o  

those  i n  Figure 13a and ( i ) - ( v i )  i n  Figure 1Sb t o  Figure 13b. 

Figure 16. Time evolu t ion  of t h e  streamfunction f i e l d  through one f u l l  per iod ,  

f o r  B = 38893, q = 700, P = 1.0, a = ac, and c .= 0 .  a)  Solu t ion  I ;  

b )  Solu t ion  11. 

8 
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Fig. 1 
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b) Solution II 

Fig. 3b 
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